Introduction
Research on morphing aircraft has aroused much attention in recent years. By changing the geometry actively during flight, morphing aircraft have the potential to conduct more flight missions with better performance compared to conventional aircraft, which are designed for fixed flight conditions. The research on morphing aircraft wings involves many interdisciplinary fields, such as novel morphing concepts [1] , novel actuators and sensors [2] , and the conceptual level analysis of morphing aircraft [3] .
To develop morphing aircraft, one aspect that has to be investigated is the structural design.
One of the difficulties remaining in the structural design of morphing aircraft is the sensitive balance between the flexibility to change shape and the stiffness to carry the aerodynamic loads. According to Thill et al. [4] , two basic approaches can be used to solve the dilemma, i.e. stiffness tailoring and actively controlled stiffness. One representative application of stiffness tailoring is the Fish Bone Active Camber (FishBAC) concept. The FishBAC is built using a highly anisotropic compliant structure, which has a very low chordwise bending stiffness but a high spanwise bending stiffness [5, 6] . A fluid-structure interaction analysis was performed since the deflections of the morphing structures are large [7] . The capability of achieving variable stiffness usually relies on novel smart materials, such as shape memory polymers [8] , or a change of fluid pressure such as the flexible matrix composite actuator [9] .
Although the performance of novel materials has improved significantly in recent years, some limitations still remain compared to conventional materials, e.g. the high cost, low reliability and sensitivity to the environment. Therefore, morphing aircraft may still require careful stiffness tailoring and conventional actuators to achieve shape change. For example, changing the span or dihedral angle is difficult since the spar is the primary structural member of the wing and the stiffness anisotropy cannot be easily integrated; in contrast for camber morphing the load and deformation occurs in orthogonal directions allowing relatively easy stiffness tailoring. Some solutions have been proposed for spanwise morphing, e.g. the zigzag wing box concept [10] and the Gear driveN Autonomous Twin (GNAT) spar [11] , which makes use of pinion and rack actuation systems. Due to the loads on the spar, the aero-structure analysis is important and a relatively heavy mechanism may be required to change the spanwise shape, which will reduce the performance of the morphing aircraft and limit the morphing concepts to small and medium sized unmanned air vehicles.
The winglet can be a suitable alternative to achieve spanwise morphing since the aerodynamic loads on the wing tip are relatively small. Aerodynamic analysis and optimization has shown the potential benefits [12, 13] . Some structural solutions were also proposed, e.g. using conventional hinges and servo motors [14] . Compliant structures were investigated since the compliance allows for the shape change of morphing aircraft. For instance, corrugated structures have been used as the morphing skin to provide a continuous surface for a conventional hinge and servo motor system [15] .
Despite the advantage of being flexible, the compliant structure can be tailored to have a relatively high capability of carrying aerodynamic loads. A novel compliant structure based on stiffness asymmetry has been introduced by the authors [16] . A rotation angle of the compliant structure can be introduced by a linear actuation when the compliant structure has unsymmetrical stiffness in its different components. Increasing the stiffness asymmetry causes a larger deformation, whereas increasing the total stiffness will enable larger aerodynamic loads to be carried.
In this paper, the stiffness asymmetry is provided by round corrugated panels, which are made of isotropic material but have different geometries. At first, an equivalent model is developed for the round corrugated panel. The round corrugated panel is modelled as an equivalent beam, and the stiffness matrix of this equivalent beam is obtained by calculating deflections under external loads. Due to the fixed boundary condition, coupling terms between the axial force and vertical deflection and rotation angle are found analytically. Although the coupling effect can be eliminated, including the coupling terms makes the method more general but does require optimization. Then, the equivalent model is validated by detailed finite element models in the commercial software Abaqus® and by experimental tests. The results show good agreement. Finally, optimization cases are demonstrated on the single compliant structure as well as the compliant structure consisting of multiple units, including a case study under fixed span and aerodynamic loads and a case study of an aircraft with fewer constraints, which shows improved performance compared to a fixed geometry. Figure 1 shows an example of the proposed compliant structure. The compliant structure consists of two corrugated panels with different stiffnesses, which are fixed at one end and connected by a relatively rigid part at the other end. A linear actuator is installed to deform the compliant structure. The authors have derived the closed-form equations that give the relationship between the vertical deflections of the compliant structure, vF and vP, due to the actuation force, F, and aerodynamic force, P as [16] (
Concept of compliant structures based on stiffness asymmetry
where is the equivalent extension stiffness, is the equivalent bending stiffness, the subscript '1' and '2' correspond to the different beam respectively. The length, height and width of the compliant structure are represented as a, b and w. The term Kt represents the combination of the axial and bending stiffness of the equivalent beams, and the ratio rs represents the stiffness asymmetry as (2) According to Equation (1), a vertical deflection can be induced if the equivalent extension stiffnesses of the two corrugated panels are different, while the vertical deflection caused by the aerodynamic force can be reduced by increasing the total stiffness. This relationship provides the possibilities to reduce the actuation force while carrying the aerodynamic force simultaneously if a optimization can be ( ) ( ) 
Equivalent stiffness matrix of a round corrugated panel
The compliant structure can be represented by the equivalent model as shown in Fig. 2(a) , which consists of the equivalent elements representing the corrugated panels and the normal beam elements representing the connection part in the 2-dimensional situation. Normal element
Normal element 
combining the deflections of each corrugation. The deflections can then be expressed as
where (7) The subscript 'n' denotes the number of corrugations and the superscripts X, Y and M represents the external loads causing the displacement. The length of the entire corrugated panel is represented by Ln.
The coupling coefficient between the extension force and the vertical deflection is denoted as Kc and the coefficient between the vertical force and vertical deflection as Ksy.
As shown in the Equations (4)- (7), the force in the x direction will lead to a displacement in the y direction, and vice versa. The coupling effect will cause an additional vertical deflection of the proposed compliant structure, which makes the analytical expression shown in Equation (1) not sufficient to obtain the final vertical deflection of the proposed compliant structure. The coupling effect is first investigated in an earlier study [17] , in which the vertical deflection caused by the force X is explained. The detailed method to calculate the displacements and rotation angle caused by the axial force has also been explained in [17] . In the current paper, the coupling relationships including the axial displacement caused by the force Y is obtained in Equation (5). The complete relationship between the nodal deflections and loads makes the stiffness matrix of the corrugated panel available, which provides a more general and compatible approach to calculate the deformation of the entire compliant structure. 
The loads can be obtained from Equation (8), by inverting the compliance matrix as
Using the equilibrium equations, we can obtain the loads at node i as
The superscript 'BC' and 'DE' means the region of the corrugated panel 3 2
Repeating the previous step, we can find the relationship of the node loads and deflections when the (11) Here, the stiffness matrix K is represented by four blocks K11, K12, K21 and K22. It should also be noted that the stiffness matrix is obtained when the round corrugated panel is clamped at point A as shown in Fig. 3 . If the round corrugated panel is clamped at point A', the displacement under extension force will be in the opposite direction, changing the stiffness matrix form of the equivalent beam. In contrast to the normal beam element, the equivalent stiffness matrix has coupling components between the extension force X and the displacement in the y direction, v, the rotation angle, α, due to the coupling effect.
The stiffness matrix of the proposed compliant structure is then built up by assembling the stiffness matrix of each element in the structure. As shown in Fig. 2(a) , one compliant structure is made of 4 elements and 5 nodes. Two equivalent beam elements are used to represent the two round corrugated panels and two normal beam elements for the middle part. The actuation force F is applied at node 3 and aerodynamic force P at node 2 to simulate the external loads. Both node 1 and node 5 are fixed to simulate the boundary conditions.
Verification of the equivalent model

Finite element analysis
To verify the equivalent stiffness matrix, parametric studies are conducted and the results are compared to those obtained from detailed finite element analysis. Two calculation cases are used for the verification.
The finite element analysis is conducted in the commercial software Abaqus®. S4R shell elements are used in the detailed models since the S4R element has a good accuracy for both thin and thick plates [18] . 
Experimental test
Samples of the compliant structures are manufactured by 3D printing. As shown in Fig. 7(a) , one corrugated panel is clamped by two screws to ensure the fixed boundary condition and the compliant structure is actuated by a linear actuator. A controller is used to control the feedback position of the actuator, and the power for the actuator is provided by batteries. The connections between the linear actuator and the structure are pinned to ensure that the linear actuation force can be provided and the rotation of the compliant structure cannot be influenced. The movement of the sample is recorded by a camera perpendicular to it. Three samples are manufactured with their geometry parameters summarized in Table 1 . Sample 1 and Sample 2 have the same geometry parameters. In Sample 1, the two round corrugated panels are both clamped at point A, while in Sample 2, one round corrugated panel is clamped at point A, and the other at point A', which leads to the opposite corrugated direction as shown by the red arrows in Fig. 7(a) . Sample 3 has the same corrugated directions for both corrugated panels, but the thicknesses of the panels are not the same, which will cause a stiffness asymmetry in the compliant structure. since the rotation of the compliant structure is one of its key features, and the slope of the curve is determined by the geometry properties, not related to the material properties and actuation force.
Sample 2 almost has no vertical deflection since its two corrugated panel have opposite vertical
deflections, cancelling out the final rotation of the whole compliant structure. Since the two corrugated panels of Sample 1 have the same stiffness, the vertical deflection is only caused by the coupling effect.
However, in Sample 3, a larger slope is found due to the stiffness asymmetry in the compliant structure. Although some errors exist between the analytical and experimental results, the differences are reasonable due to manufacturing tolerance. The resolution of the 3D printer is 0.1 mm [19] , which means the error in the geometry parameters could be 0.1 mm in the samples. For instance, the influence of the geometry uncertainty in Sample 1 due to manufacturing is shown in Fig. 7(b) . The geometry uncertainty is included in the equivalent model to obtain the upper and lower bounds of the slope of Sample 1, in which the geometry variables are within the range as follows (12) Here, in Sample 1, Lj = 0.01 m, Rj = 0.01 m, tj = 0.002 m (j =1, 2).
The error between the experimental and analytical slope of Sample 1 is within the range determined by the manufacturing process, which verifies the analytical result.
Optimization of the compliant structure
Optimization of a single compliant structure unit
To achieve a larger deformation, multiple units of the compliant structure can be used together. As shown in Fig. 8 , the superscript 'i' means the unit number. Each compliant structure is under the actuation force F i and aerodynamic force P i . Since the compliant structure is installed in the wing structure, the height of the structure, b, is determined by the thickness of the airfoil, which is assumed to be a fixed parameter in the optimization. 
The objective is to minimize the actuation force F i required to achieve a specified rotation angle of the structure. The influence of the axial deflection is taken into account when the rotation angle is calculated since the deflection could be relatively large compared to the length of the structure. 
Geometry constraints are applied to the compliant structure, to provide a realistic geometry and enough space to install the actuation system. Thus (14) where the round radius Rj is determined by the length of the structure a and the number of corrugations as Rj = a/(4nj) (j = 1, 2).
A nonlinear constraint is added to control the largest Von Mises stress in the corrugated panel as (15) where σv and σy are the Von Mises stress and the yield stress of the material respectively. The Von Mises stress in the corrugated panel is obtained by calculating the nodal loads in the equivalent beam element after the nodal displacements of the structure are obtained. The yield stress is 270 MPa, the material's Young's modulus is 72 GPa, and the Poisson's ratio is 0.3 in this study. When the required rotation angle is 0, which means the compliant structure is only supposed to maintain the geometry, the optimum variables are different to those when the compliant structure is supposed to deform (the required rotation angle is larger than 0). The optimum variables are summarized in Table 2 . The different optimum variables to maintain geometry and to deform the structure indicate the influence of the deformation of the structure. While the other variables are fixed, the trend of the panel thickness in the lower part t2 represents the change of total stiffness and stiffness asymmetry in the compliant structure. As shown in Fig. 9(b) , the thickness t2 panel is influenced significantly by the required rotation angle and the aerodynamic force.
According to Equation (7), the equivalent extension stiffness will be determined by the geometry t2 is increased to provide a relatively large total stiffness of the structure since the other parameters are fixed. The stiffness asymmetry of the structure is also increased, which can help to increase the rotation angle, or reduce the actuation force if the rotation angle is specified. Although the numbers of corrugations are at their upper bound, providing the smallest R and increasing the extension stiffnesses of the corrugated panels, the thickness t1 is at its lowest bound, which provides the smallest extension stiffness to the corrugated panel. A compromise has been made by the optimum variables to satisfy the constraint and to determine an optimum stiffness allocation in the structure. With the trade-off design, the total stiffness can be large enough to carry the load P due to the smallest R, while large stiffness asymmetry can also be induced due to the different L and t in the two corrugated panels. 
Optimization of multiple units of compliant structures
Since the optimization of one single compliant structure requires 6 variables, it is necessary to decompose the optimization of the multiple units of compliant structures to sub-problems for each of the compliant structures. As shown in Fig. 10(a) , the multiple units of compliant structure are installed to extend the wing span of a baseline design. In this case, the length of each compliant structure is identical. Thus, the entire length of extension will be . The extended length ES is determined by the wing structure and flight conditions. It is obvious that a larger ES will cause a larger possible deformation, which could lead to more morphing benefits. But the extension of the wing span is constrained by the wing root bending moment and flutter performance of the aircraft due to the increase weight at the wing tip. Figure 10 (b) shows a conceptual design of the compliant structure, illustrating the corrugated panels and actuators, as well as a solution to maintain the aerodynamic shape using a flexible honeycomb skin. The flexible honeycomb structure has been applied in the span-extension morphing wing [21, 22] .
In the literature, the honeycomb structure is used to support the elastomeric matrix composite to achieve a high out-of-plane stiffness, while in the current study the aerodynamic loads are assumed to be carried by the corrugated panels. The honeycomb skin will be tailored to be much more flexible than
the corrugated panels, and will only carry local loads and maintain the geometry. The detailed design of the morphing winglet is not the topic of the current paper, but the proposed solution indicates that the optimization of the corrugated panels will be sufficient to provide reasonable estimate of the performance benefits.
As shown in Fig. 11 , a simple two level optimization procedure is applied in this paper. The entire length of the compliant structures ES is assumed to be fixed. The global variable in the first level is the number of compliant structure units, N. Another external input of the optimization procedure is the distribution of the aerodynamic loads on the wing and the retrofitted wing tip, which will be used to obtain the concentrated forces P i (i=1, 2, …) on each compliant structure. If the required rotation angle of each compliant structure is also known, the optimization of each compliant structure is then performed in sequence to obtain the optimum actuation force of each unit, which can be used to size the actuation system, and estimate the associated weight increase.
In the current study, two optimization cases are considered. First, a hypothetical case is tested, in which the wing span, S, is 6 m, and the extended length, ES, is fixed at 0.5 m. The aerodynamic load distribution is assumed to be perfectly elliptical and the total lift is 1000 N. The height and the width of each compliant structure is b = 0.1, and w = 0.1 m respectively. In this case, the objective is the sum of the actuation force in the compliant structures. Figure 12 (a) shows that as the number of complaint structures increases, the sum of the optimum actuation forces is not monotonic, which means for a fixed span extension, a trade-off selection of the length of each compliant structure should be made to reduce the total actuation force.
The assumption of a fixed span extension leads to fixed aerodynamic loads, which simplifies the optimization problem. In contrast, a changing wing span will require both structural and aerodynamic analysis, and hence another optimization case is performed in a more realistic situation from [16] . The basic parameters of the proposed regional airliner are summarized in Table 3 and more details can be found in [16] . The compliant structure is used to change the dihedral angle of the morphing winglet in a regional airliner. The length and height of a compliant structure unit is fixed at 0.1 m and 0.101 m respectively based on the wing geometry, while the span of the wing changes with the increase of the number of compliant structures. The width of the compliant structure is assumed to be equal to the wing tip chord, which is overestimated due to the leading and trailing edge. And the aerodynamic loads are obtained using the open software AVL [23] , which is based on the vortex lattice method. The actuation force of the compliant structure is provided by a worm rack system and the weight of the actuation system is estimated based on the specified actuation force. Analytical expressions have been found to determine the weight increase due to the actuation system, which is proportional to the actuation force. The potential performance improvement of morphing winglets will be compromised by the weight increase of the retrofitted structure and actuation systems. While the result in [16] has shown that the relationship between the number of compliant structures and the corresponding performance change, the geometric parameters in that case study were fixed and not optimal. Figure 12(b) shows the relative increase of the gross weight before and after the actuation forces are optimized. In this case, the regional airliner is trimmed at steady level flight when it has the maximum gross weight, and the required rotation angle of each compliant structure unit is 6 degrees. Compared to the previous result, a significantly smaller weight increase can be obtained after the optimization procedure is applied, which will make the proposed morphing structure more beneficial. For instance, the range of the aircraft in steady flight can be calculated as [24] (16)
where Wi, Wf, V, C, L/D are the initial weight, final weight, velocity, specific fuel consumption and the lift to drag ratio of the aircraft. With the morphing winglet retrofitted, the range can be increased due to the larger lift to drag ratio, which will be partially compromised by the increased weight. For example, if 8 units of compliant structure are retrofitted due to other constraints, the optimization can improve the range increase from 1.34% to 2.66%.
Conclusions
In this paper, a compliant structure based on stiffness asymmetry is investigated. The compliant structure consists of two corrugated panels and the stiffness asymmetry is introduced to induce deformation under the actuation force. The stiffness matrix of the compliant structure is obtained to calculate the deformation, which is verified by detailed finite element analysis and experimental tests.
The accurate deflections obtained from the stiffness matrix also make the optimization of the compliant structure reasonable and much more efficient.
The deflections of the round corrugated panel are obtained when the panel has fixed boundary conditions. A coupling effect between the extension force and the vertical deflection is found. The equivalent stiffness matrix of the corrugated panel is then obtained, which can be used to assemble the matrix of the compliant structure.
The deflections of the compliant structure can be calculated using the stiffness matrix. The results are verified by the detailed finite element analysis under actuation and aerodynamic forces. Three samples were manufactured, and the deformation of the samples was measured from photographs of the deformed structure. The slopes of the lateral and axial deflection are compared between the experimental and analytical results. Analysis of the geometry uncertainty due to the manufacturing process also indicates that the difference between the experimental and analytical results is acceptable.
The verification also shows the effects of the stiffness asymmetry can lead to a further deformation if the compliant structure is tailored to have different stiffnesses in its different parts.
After the stiffness matrix of the compliant structure is verified, an optimization procedure is applied to find the optimum variables of the compliant structure. The optimization of a single compliant structure shows the optimum variables are compromised to provide a stiffness asymmetry and satisfy the constraints simultaneously. The optimization is also performed for multiple units of compliant structure used as a morphing winglet. The relationship between the number of units and the objective is found when the length of the entire compliant structure is fixed. A more realistic optimization case is conducted to obtain the optimum actuation forces for the morphing winglet, which is assumed to be retrofitted to a regional airliner. An improvement is found since the optimization reduces the actuation forces, which reduces the weight increase due to the retrofitted morphing winglet, and improves the potential benefits brought by the morphing winglet.
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